1. Introduction {#sec1}
===============

The possibility of reducing the nonautonomous case in the study of associated evolution operators to the autonomous case of evolution semigroups on various Banach function spaces can be considered as an important way towards applications issued from the real world. Of great importance in the study the solution of differential equations is the approach by evolution families, as the techniques from the domain of non autonomous equations with unbounded coefficients in infinite dimensions can be extended in this direction.

Appropriate for the study of evolution equations in infinite dimensions are also the skew-evolution semiflows, introduced by us in \[[@B4]\], as generalizations for evolution operators and skew-product semiflows, and whose applicability is pointed out, for example, by Bento and Silva in \[[@B2]\] and by Hai in \[[@B10], [@B11]\]. Other asymptotic properties for skew-evolution semiflows are defined and characterized in \[[@B6], [@B9]\].

The techniques used in the investigation of exponential stability and exponential instability were generalized for the case of exponential dichotomy in \[[@B1], [@B8]\] and for the case of exponential trichotomy in \[[@B3], [@B5]\]. The main idea in the study of trichotomy, introduced for the finite dimensional case by Sacker and Sell in \[[@B7]\], as a natural generalization of the concept of dichotomy is to obtain, at any moment, a decomposition of the state space into three subspaces: a stable subspace, an instable one, and a third one, the central manifold. The aim of the present study is to emphasize the property of *ω*-trichotomy for skew-evolution semiflows in Banach spaces and to give several conditions in order to describe the behavior related to the third subspace.

2. Skew-Evolution Semiflows {#sec2}
===========================

Let (*X*, *d*) be a metric space, *V* a Banach space, and *V*\* its topological dual. Let *ℬ*(*V*) be the space of all *V*-valued bounded operators defined on *V*. The norm of vectors on *V* and on *V*\* and of operators on *ℬ*(*V*) is denoted by \|\|·\|\|. Let us consider that *Y* = *X* × *V* and *T* = {(*t*, *t* ~0~) ∈ ℝ~+~ ^2^ : *t* ≥ *t* ~0~}. *I* is the identity operator.

Definition 1A mapping *φ* : *T* × *X* → *X* is called *evolution semiflow* on *X* if the following properties are satisfied: $$\begin{matrix}
{\varphi\left( {t,t,x} \right) = x,\quad\forall\left( {t,x} \right) \in {\mathbb{R}}_{+} \times X,} \\
\end{matrix}$$ $$\begin{matrix}
{\varphi\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right) = \varphi\left( {t,t_{0},x} \right),\quad\forall\left( {t,s} \right),\left( {s,t_{0}} \right) \in T,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall x \in X.} \\
\end{matrix}$$

Definition 2A mapping Φ : *T* × *X* → *ℬ*(*V*) is called *evolution cocycle* over an evolution semiflow *φ* if it satisfies the following properties: $$\begin{matrix}
{\Phi\left( {t,t,x} \right) = I,\quad\forall t \geq 0,\,\forall x \in X,} \\
\end{matrix}$$ $$\begin{matrix}
{\Phi\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)\Phi\left( {s,t_{0},x} \right)} \\
{\quad\quad = \Phi\left( {t,t_{0},x} \right),\quad\forall\left( {t,s} \right),\left( {s,t_{0}} \right) \in T,\,\forall x \in X.} \\
\end{matrix}$$

Definition 3The mapping *C* : *T* × *Y* → *Y* defined by $$\begin{matrix}
{C\left( {t,s,x,v} \right) = \left( {\varphi\left( {t,s,x} \right),\Phi\left( {t,s,x} \right)v} \right),} \\
\end{matrix}$$ where Φ is an evolution cocycle over an evolution semiflow *φ*, is called *skew-evolution semiflow* on *Y*.

Example 4Let *f* : ℝ~+~ → ℝ~+~\* be a decreasing function with the property that there exists lim⁡~*t*→*∞*~⁡*f*(*t*) = *a* \> 0. We denote by *𝒞* = *𝒞*(ℝ~+~, ℝ~+~) the set of all continuous functions *x* : ℝ~+~ → ℝ~+~, endowed with the topology of uniform convergence on compact subsets of ℝ~+~, metrizable by means of the distance $$\begin{matrix}
{d\left( {x,y} \right) = {\sum\limits_{n = 1}^{\infty}{\frac{1}{2^{n}}\frac{d_{n}\left( {x,y} \right)}{1 + d_{n}\left( {x,y} \right)}}},} \\
{\text{where}{\,\,}d_{n}\left( {x,y} \right) = {\underset{t \in {\lbrack{0,n}\rbrack}}{\sup}\left| {x\left( t \right) - y\left( t \right)} \right|}.} \\
\end{matrix}$$If *x* ∈ *𝒞*, then, for all *t* ∈ ℝ~+~, we denote that *x* ~*t*~(*s*) = *x*(*t* + *s*), *x* ~*t*~ ∈ *𝒞*. Let *X* be the closure in *𝒞* of the set {*f* ~*t*~, *t* ∈ ℝ~+~}. It follows that (*X*, *d*) is a metric space, and the mapping *φ* : Δ × *X* → *X*, *φ*(*t*, *s*, *x*) = *𝓍* ~*t*−*s*~ is an evolution semiflow on *X*.We consider that *V* = ℝ^2^, with the norm \|\|*v*\|\| = \|*v* ~1~\| + \|*v* ~2~\|, *v* = (*v* ~1~, *v* ~2~) ∈ *V*. If *u* : ℝ~+~ → ℝ~+~\*, then the mapping Φ~*u*~ : Δ × *X* → *ℬ*(*V*) defined by $$\begin{matrix}
{\Phi_{u}\left( {t,s,{\mathcal{x}}} \right)v = \left( {\frac{u\left( s \right)}{u\left( t \right)}e^{- {\int_{s}^{t}{{\mathcal{x}}({\tau - s})d\tau}}}v_{1},\frac{u\left( t \right)}{u\left( s \right)}e^{\int_{s}^{t}{{\mathcal{x}}({\tau - s})d\tau}}v_{2}} \right)} \\
\end{matrix}$$ is an evolution cocycle over *φ*, and *C* = (*φ*, Φ~*u*~) is a skew-evolution semiflow.

A particular class of skew-evolution semiflows is emphasized in the following.

Remark 5Let us consider a skew-evolution semiflow *C* = (*φ*, Φ) and a parameter *λ* ∈ ℝ. We define the mapping $$\begin{matrix}
\left. \Phi_{\lambda}:T \times X\rightarrow\mathcal{B}\left( V \right),\quad\Phi_{\lambda}\left( {t,t_{0},x} \right) = e^{- \lambda({t - t_{0}})}\Phi\left( {t,t_{0},x} \right). \right. \\
\end{matrix}$$We observe that *C* ~*λ*~ = (*φ*, Φ~*λ*~) is also a skew-evolution semiflow, called *λ-shifted skew-evolution semiflow* on *Y*. We will call Φ~*λ*~ the *λ-shifted evolution cocycle*.

Example 6Let *X* be the metric space defined in the first Example. We define the mapping *φ* ~0~ : ℝ~+~ × *X* → *X*, *φ* ~0~(*t*, *x*) = *x* ~*t*~, where *x* ~*t*~(*τ*) = *x*(*t* + *τ*), for all *τ* ≥ 0, which is a classic semiflow on *X*. Let us consider for every *x* ∈ *X* the parabolic system with Neumann\'s boundary conditions as follows: $$\begin{matrix}
{\frac{\partial v}{\partial t}\left( {t,y} \right) = x\left( t \right)\frac{\partial^{2}v}{\partial y^{2}}\left( {t,y} \right),\quad t > 0,\,\, y \in \left( 0,1 \right),} \\
{v\left( {0,y} \right) = v_{0}\left( y \right),\quad y \in \left( 0,1 \right),} \\
{\frac{\partial v}{\partial y}\left( {t,0} \right) = \frac{\partial v}{\partial y}\left( {t,1} \right) = 0,\quad t > 0.} \\
\end{matrix}$$Let *V* = *ℒ* ^2^(0,1) be a separable Hilbert space with the orthonormal basis {*e* ~*n*~}~*n*∈*ℕ*~, *e* ~0~ = 1, $e_{n}{(y)} = \sqrt{2}{{\cos}{n\pi y}}$, where *y* ∈ (0,1), *n* ∈ *ℕ*.We denote that *D*(*A*) = {*v* ∈ *ℒ* ^2^(0,1), *v*(0) = *v*(1) = 0}, and we define the operator $$\begin{matrix}
\left. A:D\left( A \right) \subset V\rightarrow V,\quad Av = \frac{d^{2}v}{dy^{2}}, \right. \\
\end{matrix}$$which generates a *𝒞* ~0~-semigroup *S*, defined by $$\begin{matrix}
{S\left( t \right)v = {\sum\limits_{n = 0}^{\infty}{e^{- n^{2}\pi^{2}t}\left\langle {v,e_{n}} \right\rangle e_{n}}},} \\
\end{matrix}$$ where 〈·, ·〉 denotes the scalar product in *V*. For every *𝓍* ∈ *X*, let us define an operator *A*(*x*) : *D*(*A*) ⊂ *V* → *V*, *A*(*x*) = *x*(0)*A*, which allows us to rewrite system ([5](#EEq2.2){ref-type="disp-formula"}) in *V* as $$\begin{matrix}
{\overset{˙}{v}\left( t \right) = A\left( {\varphi_{0}\left( {t,x} \right)} \right)v\left( t \right),\quad t > 0,} \\
{v\left( 0 \right) = v_{0}.} \\
\end{matrix}$$The mapping $$\begin{matrix}
\left. \Phi_{0}:{\mathbb{R}}_{+} \times X\rightarrow\mathcal{B}\left( V \right),\quad\Phi_{0}\left( {t,x} \right)v = S\left( {\int_{0}^{t}{x\left( s \right)ds}} \right)v \right. \\
\end{matrix}$$is a classic cocycle over the semiflow *φ* ~0~, and *C* ~0~ = (*φ* ~0~, Φ~0~) is a linear skew-product semiflow strongly continuous on *Y*. Also, for all *v* ~0~ ∈ *D*(*A*), we have obtained that *v*(*t*) = Φ(*t*, *x*)*x* ~0~, *t* ≥ 0, is a strongly solution of system ([8](#EEq2.3){ref-type="disp-formula"}). As *C* ~0~ = (*φ* ~0~, Φ~0~) is a skew-product semiflow on *Y*, then the mapping *C* : *T* × *Y* → *Y*, *C*(*t*, *s*, *x*, *v*) = (*φ*(*t*, *s*, *x*), Φ(*t*, *s*, *x*)*v*), where $$\begin{matrix}
{\varphi\left( {t,s,x} \right) = \varphi_{0}\left( {t - s,x} \right)\text{,\quad\quad}\Phi\left( {t,s,x} \right) = \Phi_{0}\left( {t - s,x} \right),} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,s,x} \right) \in T \times X,} \\
\end{matrix}$$is a skew-evolution semiflow on *Y*. Hence, the skew-evolution semiflows generalize the notion of skew-product semiflows.More directly, if Φ(*t*, *s*, *x*) is the solution of the Cauchy problem $$\begin{matrix}
{v^{\prime}\left( t \right) = A\left( {\varphi\left( {t,s,x} \right)} \right)v\left( t \right),\quad t > s,} \\
{v\left( s \right) = x,} \\
\end{matrix}$$then *C* = (*φ*, Φ) is a linear skew-evolution semiflow.Let us recall the definition of a semigroup of linear operators, and let us give an example which shows that this is generating a skew-evolution semiflow.

Definition 7A mapping *S* : ℝ~+~ → *ℬ*(*V*) is called *semigroup* of linear operators on *V* if the following relations hold: $$\begin{matrix}
{S\left( 0 \right) = I,} \\
\end{matrix}$$ $$\begin{matrix}
{S\left( t \right)S\left( s \right) = S\left( {t + s} \right),\quad\forall\left( {t,s} \right) \in {\mathbb{R}}_{+}^{2}.} \\
\end{matrix}$$

Example 8One can naturally associate to every semigroup of operators the mapping Φ~*S*~ : *T* × *X* → *ℬ*(*V*), defined by Φ~*S*~(*t*, *s*, *x*) = *S*(*t* − *s*), which is an evolution cocycle on *V* over evolution semiflows given, for example, by *φ*(*t*, *s*, *x*) = *x* ~*t*−*s*~ (see [Example 4](#ex2.1){ref-type="statement"}).

Other examples of skew-evolution semiflows are given in \[[@B9]\]. The asymptotic properties, as well as their characterizations, are given by means of norms of the trajectories or orbits of *v*, given by *t* → Φ(*t*, *t* ~0~, *x*)*v*, which are considered measurable. A particular case of skew-evolution semiflows is given by the following.

Definition 9A skew-evolution semiflow *C* = (*φ*, Φ) is ∗*-strongly measurable* if, for every (*t*, *t* ~0~, *x*, *v*\*) ∈ *T* × *X* × *V*\*, the mapping given by *s* ↦ \|\|Φ(*t*,*s*,*φ*(*s*,*t* ~0~,*x*))\**v*\*\|\| is measurable on \[*t* ~0~, *t*\].

3. On Trichotomy Issues {#sec3}
=======================

We intend to give a new approach for the property of trichotomy for skew-evolution semiflows, the *ω*-trichotomy. Some examples and connections with the classic concept of exponential trichotomy are also provided.

Let *C* : *T* × *Y* → *Y*, *C*(*t*, *s*, *x*, *v*) = (*φ*(*t*, *s*, *x*), Φ(*t*, *s*, *x*)*v*) be a skew-evolution semiflow on *Y*. We recall that a mapping *P* : *X* → *ℬ*(*V*) with the property $$\begin{matrix}
{P\left( x \right)^{2} = P\left( x \right),\quad\forall x \in X} \\
\end{matrix}$$

is called *projections family* on *V*.

Definition 10A projections family *P* : *X* → *ℬ*(*V*) is said to be *invariant* relative to the skew-evolution semiflow *C* = (*φ*, Φ) if $$\begin{matrix}
{\Phi\left( {t,s,x} \right)P\left( x \right) = P\left( {\varphi\left( {t,s,x} \right)} \right)\Phi\left( {t,s,x} \right),} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,s,x} \right) \in T \times X.} \\
\end{matrix}$$The splitting of the state space into three subspaces will be assured by the following.

Definition 11Three projections families {*P* ~*k*~}~*k*∈{1,2,3}~ are said to be *compatible* with a skew-evolution semiflow *C* = (*φ*, Φ) if(c~1~) each of *P* ~*k*~, *k* ∈ {1,2, 3} is invariant relative to *C*;(c~2~)  for all *x* ∈ *X*, the projections verify the relations $$\begin{matrix}
{P_{1}\left( x \right) + P_{2}\left( x \right) + P_{3}\left( x \right) = I,\quad\quad P_{i}\left( x \right)P_{j}\left( x \right) = 0,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall i,j \in \left\{ {1,2,3} \right\}\,\, i \neq j.} \\
\end{matrix}$$In what follows we introduce the elements which will allow us to introduce a new concept of trichotomy for skew-evolution semiflows. We consider a mapping *ψ* : ℝ~+~ → ℝ~+~\*, and we define $$\begin{matrix}
{A_{\psi} = \left\{ {\omega \in {\mathbb{R}},\,\,{\underset{t \geq 0}{\sup}{{\,\,}\psi\left( t \right)e^{- \omega t} < \infty}}} \right\},} \\
{B_{\psi} = \left\{ {\omega \in {\mathbb{R}},\,\,{{\underset{t \geq 0}{\inf}}{\psi\left( t \right)e^{- \omega t} > 0}}} \right\}.} \\
\end{matrix}$$

Remark 12For every function *ψ* : ℝ~+~ → ℝ~+~\*, the following statements hold:(i)*A* ~*ψ*~ ≠ *∅* and *B* ~*ψ*~ ≠ *∅*;(ii)*μ* ∈ *A* ~*ψ*~ implies the existence of a constant *M* ∈ ℝ~+~ such that $$\begin{matrix}
{\psi\left( t \right) \leq Me^{\mu t},\quad\forall t \geq 0;} \\
\end{matrix}$$(iii)*λ* ∈ *B* ~*h*~ implies that there exists a constant *m* ∈ ℝ~+~ such that $$\begin{matrix}
{\psi\left( t \right) \geq me^{\lambda t},\quad\forall t \geq 0.} \\
\end{matrix}$$Let us denote that $$\begin{matrix}
{{\overset{-}{\omega}}_{\psi} = \begin{cases}
{\text{inf }A_{\psi},} & {\text{if}\,\, A_{\psi} \neq \varnothing,} \\
{\infty,} & {\text{if}\,\, A_{\psi} = \varnothing,} \\
\end{cases}} \\
{{\underset{\_}{\omega}}_{\psi} = \begin{cases}
{\sup B_{\psi},} & {\text{if}\,\, B_{\psi} \neq \varnothing,} \\
{- \infty,} & {\text{if}\,\, B_{\psi} = \varnothing.} \\
\end{cases}} \\
\end{matrix}$$

Definition 13A skew-evolution semiflow *C* = (*φ*, Φ) is called *ω-trichotomic* if there exist three projections families {*P* ~*k*~}~*k*∈{1,2,3}~ compatible with *C* and some functions *ψ*, *ζ*, *χ* : ℝ~+~ → ℝ~+~\* with the properties $$\begin{matrix}
{{\overset{-}{\omega}}_{\psi} < 0,\quad{\underset{\_}{\omega}}_{\zeta} > 0,\quad{\overset{¯}{\omega}}_{\chi} < \infty,\quad{\underset{\_}{\omega}}_{\chi} < 0,} \\
\end{matrix}$$such that(*t*~1~)\|\|Φ(*t*, *t* ~0~, *x*)*P* ~1~(*x*)*v*\|\| ≤ *ψ*(*t* − *t* ~0~)\|\|*P* ~1~(*x*)*v*\|\|;(*t*~2~)*ζ*(*t* − *t* ~0~)\|\|*P* ~2~(*x*)*v*\|\| ≤ \|\|Φ(*t*, *t* ~0~, *x*)*P* ~2~(*x*)*v*\|\|;(*t*~3~)\|\|Φ(*t*, *t* ~0~, *x*)*P* ~3~(*x*)*v*\|\| ≤ *χ*(*t* − *t* ~0~)\|\|*P* ~3~(*x*)*v*\|\| and *χ*(*t* − *t* ~0~)\|\|Φ(*t*, *t* ~0~, *x*)*P* ~3~(*x*)*v*\|\| ≥ \|\|*P* ~3~(*x*)*v*\|\|, for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*.

Example 14Let *f* : ℝ~+~ → (0, *∞*) be a decreasing function with the property that there exists lim⁡~*t*→*∞*~⁡*f*(*t*) = *l* \> 0. Let us denote that *λ* \> *f*(0). Let us consider the Banach space *V* = ℝ^3^ with the norm \|\|(*v* ~1~, *v* ~2~, *v* ~3~)\|\| = \|*v* ~1~\| + \|*v* ~2~\| + \|*v* ~3~\|, *v* = (*v* ~1~, *v* ~2~, *v* ~3~) ∈ *V*. The mapping $$\begin{matrix}
\left. \Phi:T \times X\rightarrow\mathcal{B}\left( V \right), \right. \\
{\Phi\left( {t,t_{0},x} \right)v} \\
{\quad\quad = \left( {e^{- \lambda({t - t_{0}}) + {\int_{t_{0}}^{t}{x({\tau - t_{0}})d\tau}}}v_{1},e^{\int_{t_{0}}^{t}x({\tau - t_{0}})d\tau}v_{2},} \right.} \\
{\quad\quad\quad\quad\left. {e^{- ({t - t_{0}})x(0) + {\int_{t_{0}}^{t}{x({\tau - t_{0}})d\tau}}}v_{3}} \right),} \\
\end{matrix}$$ where *t* ≥ *t* ~0~ ≥ 0, (*x*, *v*) ∈ *Y*, is an evolution cocycle over the evolution semiflow given in [Example 4](#ex2.1){ref-type="statement"}. We define the projections families *P* ~1~, *P* ~2~, *P* ~3~ : *X* → *ℬ*(ℝ^3^) by *P* ~1~(*x*)*v* = (*v* ~1~, 0,0), *P* ~2~(*x*)*v* = (0, *v* ~2~, 0), *P* ~3~(*x*)*v* = (0,0, *v* ~3~), for all *x* ∈ *X* and all *v* = (*v* ~1~, *v* ~2~, *v* ~3~) ∈ ℝ^3^. The following inequalities $$\begin{matrix}
\left. ||{\Phi\left( {t,t_{0},x} \right)P_{1}\left( x \right)v} \right.|| \\
{\quad\quad \leq e^{\lbrack{- \lambda + x(0)}\rbrack({t - s})}\left. ||{\Phi\left( {s,t_{0},x} \right)P_{1}\left( x \right)v} \right.||,} \\
\left. ||{\Phi\left( {t,t_{0},x} \right)P_{2}\left( x \right)v} \right.|| \\
{\quad\quad \geq e^{l({t - s})}\left. ||{\Phi\left( {s,t_{0},x} \right)P_{2}\left( x \right)v} \right.||,} \\
\left. ||{\Phi\left( {t,t_{0},x} \right)P_{3}\left( x \right)v} \right.|| \\
{\quad\quad \leq e^{- x(0)({t - s})}\left. ||{\Phi\left( {s,t_{0},x} \right)P_{3}\left( x \right)v} \right.||,} \\
\left. ||{\Phi\left( {t,t_{0},x} \right)P_{3}\left( x \right)v} \right.|| \\
{\quad\quad \geq e^{- x(0)({t - s})}\left. ||{\Phi\left( {s,t_{0},x} \right)P_{3}\left( x \right)v} \right.||} \\
\end{matrix}$$hold for all (*t*, *s*), (*s*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*. The mappings *ψ*, *ζ*, *χ* : ℝ~+~ → ℝ~+~\*, defined by $$\begin{matrix}
{\psi\left( u \right) = e^{\lbrack{- \lambda + x(0)}\rbrack u},\quad\quad\zeta\left( u \right) = e^{lu},\quad\quad\chi\left( u \right) = e^{- x(0)u}} \\
\end{matrix}$$satisfy relations ([19](#EEq3.1){ref-type="disp-formula"}). For *s* = *t* ~0~ and according to [Definition 2](#deff2.2){ref-type="statement"}, ([(et~1~)](#eq30){ref-type="disp-formula"}) we obtain relations (i)--(iii) in [Definition 13](#deff3.3){ref-type="statement"}. Hence, *C* is *ω*-trichotomic.

Remark 15For *P* ~3~ = 0, the property of *ω*-dichotomy is obtained. If we consider *P* ~2~ = *P* ~3~ = 0, we obtain the property of *ω*-stability and for *P* ~1~ = *P* ~3~ = 0, the property of *ω*-instability.In what follows, if *P* ~*k*~ is a given projections family, we will denote that $$\begin{matrix}
{\Phi_{k}\left( {t,s,x} \right) = \Phi\left( {t,s,x} \right)P_{k}\left( x \right),} \\
\end{matrix}$$for every (*t*, *s*), (*s*, *t* ~0~) ∈ *T* and *x* ∈ *X*. We remark that the following relations hold:Φ~*k*~(*t*, *t*, *x*) = *P* ~*k*~(*x*), ∀(*t*, *x*) ∈ ℝ~+~ × *X*;Φ~*k*~(*t*, *s*, *φ*(*s*, *t* ~0~, *x*))Φ~*k*~(*s*, *t* ~0~, *x*) = Φ~*k*~(*t*, *t* ~0~, *x*), ∀(*t*, *s*), (*s*, *t* ~0~) ∈ *T*, ∀*x* ∈ *X*.

Proposition 16A skew-evolution semiflow *C* = (*φ*, Φ) is *ω*-trichotomic if and only if there exist some constants *N* ~1~, *N* ~2~, *N* ~3~ ≥ 1, *ν* ~1~, *ν* ~2~, *ν* ~3~ \> 0 and three projections families {*P* ~*k*~}~*k*∈{1,2,3}~ compatible with *C* such that $$\begin{matrix}
{e^{\nu_{1}({t - t_{0}})}\left. ||{\Phi_{1}\left( {t,t_{0},x} \right)v} \right.|| \leq N_{1}\left. ||{P_{1}\left( x \right)v} \right.||,} \\
\end{matrix}$$ $$\begin{matrix}
{e^{\nu_{2}({t - t_{0}})}\left. ||{P_{2}\left( x \right)v} \right.|| \leq N_{2}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$ $$\begin{matrix}
{\left. ||{P_{3}\left( x \right)v} \right.|| \leq N_{3}e^{\nu_{3}({t - t_{0}})}\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.||} \\
{\leq N_{3}^{2}e^{2\nu_{3}({t - t_{0}})}\left. ||{P_{3}\left( x \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*.

Proof*Necessity*. Let *C* be *ω*-trichotomic. Then there exist three projections families compatible with *C* and three functions *ψ*, *ζ*, *χ* : ℝ~+~ → ℝ~+~\* with the properties $$\begin{matrix}
{{\overset{-}{\omega}}_{\psi} < 0,\quad{\underset{\_}{\omega}}_{\zeta} > 0,\quad{\overset{-}{\omega}}_{\chi} < \infty,\quad{\underset{\_}{\omega}}_{\chi} < 0,} \\
\end{matrix}$$such that relations (i)--(iii) of [Definition 13](#deff3.3){ref-type="statement"} are verified. For *μ* ∈ *A* ~*ψ*~, there exists a constant *M* ∈ ℝ~+~ such that *ψ*(*t*) ≤ *Me* ^*μt*^, for all  *t* ≥ 0, and for *λ* ∈ *B* ~*ψ*~ there exists a constant *m* ∈ ℝ~+~ with the property *ψ*(*t*) ≥ *me* ^*λt*^, for all *t* ≥ 0.As ${\overset{-}{\omega}}_{\psi} < 0$, there exist *N* ~1~ ≥ 1 and *ν* ~1~ \> 0, such that *ψ*(*t*) ≤ *N* ~1~ *e* ^−*ν*~1~*t*^, for all *t* ≥ 0. Hence, relation ([(et~1~)](#eq30){ref-type="disp-formula"}) is obtained. As ${\underset{\_}{\omega}}_{\zeta} > 0$, it follows that there exist *N* ~2~ ≥ 1 and *ν* ~2~ \> 0, such that *ζ*(*t*) ≥ *N* ~2~ *e* ^*ν*~2~*t*^, for all *t* ≥ 0, which implies ([(et~2~)](#eq31){ref-type="disp-formula"}). From ${\overset{-}{\omega}}_{\chi} < \infty$ and ${\underset{\_}{\omega}}_{\chi} < 0$, it follows that there exist *N* ~3~ ≥ 1, *ν* ~3~ \> 0 with the property $$\begin{matrix}
{\frac{1}{N_{3}}e^{- \nu_{3}t} \leq \chi\left( t \right) \leq N_{3}e^{\nu_{3}t},\quad\forall t \geq 0.} \\
\end{matrix}$$Hence, relation ([(et~3~)](#eq32){ref-type="disp-formula"}) is satisfied.*Sufficiency*. Let us assume that there exist three projections families compatible with *C* and *N* ~1~, *N* ~2~, *N* ~3~ ≥ 1, *ν* ~1~, *ν* ~2~, *ν* ~3~ \> 0 such that relations ([(et~1~)](#eq30){ref-type="disp-formula"})--([(et~3~)](#eq32){ref-type="disp-formula"}) hold. Let us define the mappings *ψ*, *ζ*, *χ* : ℝ~+~ → ℝ~+~\* by $$\begin{matrix}
{\psi\left( t \right) = N_{1}e^{- \nu_{1}t},\quad\quad\zeta\left( t \right) = N_{2}^{- 1}e^{\nu_{2}t},\quad\quad\chi\left( t \right) = N_{3}e^{\nu_{3}t}.} \\
\end{matrix}$$We obtain the relations $$\begin{matrix}
{{\overset{-}{\omega}}_{\psi} < 0,\quad{\underset{\_}{\omega}}_{\zeta} > 0,\quad{\overset{-}{\omega}}_{\chi} < \infty,\quad{\underset{\_}{\omega}}_{\chi} < 0.} \\
\end{matrix}$$Hence, relations (i)--(iii) of [Definition 13](#deff3.3){ref-type="statement"} are verified, and, therefore, *C* is *ω*-trichotomic, which ends the proof.

Remark 17[Proposition 16](#prop3.1){ref-type="statement"} is in fact the classic definition of exponential trichotomy. On the other hand, in [Definition 13](#deff3.3){ref-type="statement"}, the exponentials are not implied.

4. Main Results {#sec4}
===============

We obtain a characterization for the property of trichotomy, by means of the shifted skew-evolution semiflow.

Theorem 18A skew-evolution semiflow *C* = (*φ*, Φ) is *ω*-trichotomic if and only if there exist three projections families {*P* ~*k*~}~*k*∈{1,2,3}~ compatible with *C* andthe evolution cocycle Φ~1~ is exponentially stable;the evolution cocycle Φ~2~ is exponentially instable;there exists a constant *λ* \> 0 such that the *λ*-shifted evolution cocycle Φ~*λ*~ ^3^ is exponentially stable and the −*λ*-shifted evolution cocycle Φ~−*λ*~ ^3^ is exponentially instable.

Proof*Necessity.* Statements (i) and (ii) are obtained immediately from the necessity of [Proposition 16](#prop3.1){ref-type="statement"}. According to ([(et~3~)](#eq32){ref-type="disp-formula"}), there exist *N* ~3~ ≥ 1 and *ν* ~3~ \> 0 such that $$\begin{matrix}
{\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.|| \leq N_{3}e^{\nu_{3}({t - t_{0}})}\left. ||{P_{3}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\forall\left( {x,v} \right) \in Y.} \\
\end{matrix}$$Let us consider that *λ* = 2*ν* ~3~ \> 0. We obtain successively $$\begin{matrix}
{\left. ||{\Phi_{\lambda}^{3}\left( {t,t_{0},x} \right)v} \right.|| = e^{- \lambda({t - t_{0}})}\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.||} \\
{\leq N_{3}e^{- \lambda({t - t_{0}})}e^{\nu_{3}({t - t_{0}})}\left. ||{P_{3}\left( x \right)v} \right.||} \\
{= N_{3}e^{- \nu_{3}({t - t_{0}})}\left. ||{P_{3}\left( x \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*, which shows that Φ~*λ*~ ^3^ is exponentially stable. Also, we have $$\begin{matrix}
{e^{- \nu_{3}({t - t_{0}})}\left. ||{P_{3}\left( x \right)v} \right.|| \leq N_{3}\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\forall\left( {x,v} \right) \in Y.} \\
\end{matrix}$$If we consider that *λ* = 2*ν* ~3~ \> 0, we obtain, according also to [Definition 2](#deff2.2){ref-type="statement"}  ([(ec~2~)](#eq4){ref-type="disp-formula"}), $$\begin{matrix}
{\left. ||{\Phi_{- \lambda}^{3}\left( {s,t_{0},x} \right)v} \right.|| = e^{\lambda({s - t_{0}})}\left. ||{\Phi_{3}\left( {s,t_{0},x} \right)v} \right.||} \\
{\leq N_{3}e^{\nu_{3}({t - s})}e^{\lambda({s - t_{0}})}\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.||} \\
{= N_{3}e^{- \nu_{3}({t - s})}\left. ||{\Phi_{- \lambda}^{3}\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *s*), (*s*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*, which proves that Φ~−*λ*~ ^3^ is exponentially instable.*Sufficiency*. Relations (i) and (ii) in [Definition 13](#deff3.3){ref-type="statement"} are obtained from the sufficiency of [Proposition 16](#prop3.1){ref-type="statement"}. As there exists a constant *λ* \> 0 such that the skew-evolution semiflow Φ~*λ*~ ^3^ is exponentially stable, then there exists some constants *N* ≥ 1 and *ν* \> 0 such that $$\begin{matrix}
{\left. ||{\Phi_{\lambda}^{3}\left( {t,t_{0},x} \right)v} \right.|| \leq Ne^{- \nu({t - t_{0}})}\left. ||{P_{3}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\forall t \geq t_{0} \geq 0,\,\forall\left( {x,v} \right) \in Y.} \\
\end{matrix}$$Further, we obtain $$\begin{matrix}
{\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.|| = e^{\lambda({t - t_{0}})}\left. ||{\Phi_{\lambda}^{3}\left( {t,t_{0},x} \right)v} \right.||} \\
{\leq Ne^{\lambda({t - t_{0}})}e^{- \nu({t - s})}\left. ||{\Phi_{\lambda}^{3}\left( {s,t_{0},x} \right)v} \right.||} \\
{= Ne^{\lambda({t - s})}e^{- \nu({t - s})}\left. ||{\Phi_{3}\left( {s,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *s*), (*s*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*. Denoting $$\begin{matrix}
{\nu_{3} = \begin{cases}
{\lambda - \nu,} & {\text{if}\lambda > \nu,} \\
{1,} & {\text{if}\lambda \leq \nu,} \\
\end{cases}} \\
\end{matrix}$$the first relation in ([(et~3~)](#eq32){ref-type="disp-formula"}) is obtained.If there exists a constant *λ* \> 0 such that the −*λ*-shifted skew-evolution semiflow *C* ~−*λ*~ is exponentially instable, then there exist some constants *N* ≥ 1 and *ν* \> 0 such that $$\begin{matrix}
{\left. ||{\Phi\left( {s,t_{0},x} \right)v} \right.|| = e^{- \lambda({s - t_{0}})}\left. ||{\Phi_{- \lambda}\left( {s,t_{0},x} \right)v} \right.||} \\
{\leq Ne^{- \nu({t - s})}e^{- \lambda({s - t_{0}})}\left. ||{\Phi_{- \lambda}\left( {t,t_{0},x} \right)v} \right.||} \\
{= Ne^{- \nu({t - s})}e^{\lambda({t - s})}\left. ||{\Phi\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *s*), (*s*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*. If we consider *ν* ~3~ defined as in ([34](#EEq4.1){ref-type="disp-formula"}), the second relation in ([(et~3~)](#eq32){ref-type="disp-formula"}) is obtained. Hence, also (iii) in [Definition 13](#deff3.3){ref-type="statement"} is true and *C* is *ω*-trichotomic.

Another characterization for the property of *ω*-trichotomy is given relative to the dual space *V*\* of the Banach space *V*. To this aim, let us consider three projections families {*P* ~*k*~}~*k*∈{1,2,3}~ compatible with *C* such that the evolution cocycle Φ~1~ has exponential growth and the evolution cocycle Φ~2~ has exponential decay.

Theorem 19A ∗-*strongly measurable* skew-evolution semiflow *C* = (*φ*, Φ) is *ω*-trichotomic if the and only if the following statements hold:(i)there exists $\overset{\sim}{N} \geq 1$ such that $$\begin{matrix}
{{\int_{t_{0}}^{t}{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||^{p}ds}} \leq \overset{\sim}{N}\left. ||{P_{1}\left( x \right)v^{\ast}} \right.||^{p},} \\
\end{matrix}$$ for all *p* \> 1, all (*t*, *t* ~0~) ∈ *T*, and all (*x*, *v*\*) ∈ *X* × *V*\*;(ii)there exists $\overset{¯}{N} \geq 1$ such that $$\begin{matrix}
{\left( {\int_{t_{0}}^{t}\left. ||{\Phi_{2}\left( {s,t_{0},x} \right)v} \right.||^{p}ds} \right)^{1/p} \leq \overset{¯}{N}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$ for all *p* \> 1, all (*t*, *t* ~0~) ∈ *T*, and all (*x*, *v*) ∈ *Y*;(iii)there exist *α* \< 0 and $\overset{\sim}{M} \geq 1$ such that $$\begin{matrix}
{{\int_{t_{0}}^{\infty}{e^{\alpha({\tau - t_{0}})}\left. ||{\Phi_{3}\left( {\tau,t_{0},x} \right)v} \right.||d\tau}} \leq \overset{\sim}{M}\left. ||{P_{3}\left( x \right)v} \right.||,} \\
\end{matrix}$$ for all *t* ~0~ ∈ ℝ~+~ and all (*x*, *v*) ∈ *Y* and there exist *β* \< 0 and $\overset{-}{M} \geq 1$ such that $$\begin{matrix}
{{\int_{t_{0}}^{t}{e^{\beta({t - \tau})}\left. ||{\Phi_{3}\left( {\tau,t_{0},x} \right)v} \right.||d\tau}} \leq \overset{¯}{M}\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$ for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*.

Proof*Necessity.* (i) As *C* is *ω*-trichotomic, according to [Definition 13](#deff3.3){ref-type="statement"}, there exists a mapping *ψ* : ℝ~+~ → ℝ~+~\*, with the property ${\overset{¯}{\omega}}_{\psi} < 0$, such that $$\begin{matrix}
{\left. ||{\Phi\left( {t,t_{0},x} \right)P_{1}\left( x \right)v} \right.|| \leq \psi\left( {t - t_{0}} \right)\left. ||{P_{1}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y.} \\
\end{matrix}$$An equivalent relation is obtained, if we consider [Definition 2](#deff2.2){ref-type="statement"}  ([(ec~2~)](#eq4){ref-type="disp-formula"}), given by $$\begin{matrix}
{\left. ||{\Phi_{1}\left( {t,t_{0},x} \right)v} \right.|| = \left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)\Phi_{1}\left( {s,t_{0},x} \right)v} \right.||} \\
{\leq \psi\left( {t - s} \right)\left. ||{\Phi_{1}\left( {s,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*. According to the properties of function *ψ*, there exist *N* ≥ 1 and *ν* \> 0 such that the following relations hold: $$\begin{matrix}
{\int_{t_{0}}^{t}{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||^{p}ds}} \\
{\quad\quad \leq {\int_{t_{0}}^{t}{\psi^{p}\left( {t - s} \right)\left. ||{\Phi_{1}\left( {s,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||^{p}ds}}} \\
{\quad\quad \leq N^{p}\int_{t_{0}}^{t}e^{- p\nu({t - s})}\left. ||{P_{1}\left( x \right)v^{\ast}} \right.||^{p}ds} \\
{\quad\quad \leq \overset{\sim}{N}\left. ||{P_{1}\left( x \right)v^{\ast}} \right.||^{p},} \\
\end{matrix}$$for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*\*) ∈ *X* × *V*\*, where we have denoted that $\overset{\sim}{N} = N^{p}/\nu p$.(ii) According to [Definition 13](#deff3.3){ref-type="statement"}, there exists a mapping *ζ* : ℝ~+~ → ℝ~+~\*, with the property ${\underset{\_}{\omega}}_{\zeta} < 0$, such that $$\begin{matrix}
{\zeta\left( {t - t_{0}} \right)\left. ||{P_{2}\left( x \right)v} \right.|| \leq \left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y.} \\
\end{matrix}$$The property of function *ζ* assures the existence of some constants *N* ≥ 1 and *ν* \> 0, such that, for all *p* \> 0, the following relations hold: $$\begin{matrix}
{\left( {\int_{t_{0}}^{t}\left. ||{\Phi_{2}\left( {s,t_{0},x} \right)v} \right.||^{p}ds} \right)^{1/p} \leq N\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||} \\
{\quad \times \left( {\int_{t_{0}}^{t}e^{- \nu p({t - s})}ds} \right)^{1/p}} \\
{\leq \overset{¯}{N}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$for all (*t*, *t* ~0~) ∈ *T* and all (*x*, *v*) ∈ *Y*, where we have denoted that $\overset{-}{N} = N/{({\nu p})}^{1/p}$.(iii) Both relations are obtained by a similar proof as in (i) and (ii), according to [Theorem 18](#thm4.1){ref-type="statement"}.*Sufficiency.* (i) As the evolution cocycle Φ~1~ has exponential growth, there exist *M* ≥ 1 and *ρ* \> 0 such that $$\begin{matrix}
{\left. ||{\Phi_{1}\left( {t,t_{0},x} \right)v} \right.|| \leq Me^{\rho({t - s})}\left. ||{\Phi_{1}\left( {s,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\forall\left( {t,s} \right),\left( {s,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y.} \\
\end{matrix}$$Let *t* ≥ *t* ~0~ + 1. We consider that $$\begin{matrix}
{{\int_{t_{0}}^{t_{0} + 1}{e^{- \rho({s - t_{0}})}ds}} = {\int_{0}^{1}{e^{- \rho\tau}d\tau}} = \frac{1 - e^{- \rho}}{\rho} = c > 0.} \\
\end{matrix}$$For every *p* \> 1 there exists *q* \> 1 such that 1/*p* + 1/*q* = 1. We obtain $$\begin{matrix}
{c\left| \left\langle {v^{\ast},\Phi_{1}\left( {t,t_{0},x} \right)v} \right\rangle \right|} \\
{\quad\quad \leq {\int_{t_{0}}^{t_{0} + 1}{e^{- \rho({s - t_{0}})}\left| \left\langle {v^{\ast},\Phi_{1}\left( {t,t_{0},x} \right)v} \right\rangle \right|ds}}} \\
{\quad\quad \leq {\int_{t_{0}}^{t_{0} + 1}{e^{- \rho({s - t_{0}})}\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||}}} \\
{\quad\quad\quad\quad\quad \times \left. ||{\Phi_{1}\left( {s,t_{0},x} \right)v} \right.||ds} \\
{\quad\quad \leq M\left. ||v \right.||{\int_{t_{0}}^{t_{0} + 1}\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||}ds} \\
{\quad\quad \leq \left( {\int_{t_{0}}^{t_{0} + 1}{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||^{p}ds}} \right)^{1/p}} \\
{\quad\quad\quad \times \left( {\int_{t_{0}}^{t_{0} + 1}{M^{q}\left. ||{P_{1}\left( x \right)v} \right.||^{q}ds}} \right)^{1/q}} \\
{\quad\quad \leq M\left. ||v \right.||\left( {\int_{t_{0}}^{t}{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||^{p}ds}} \right)^{1/p}} \\
{\quad\quad \leq M\overset{\sim}{N}\left. ||{P_{1}\left( x \right)v} \right.||\left. ||{P_{1}\left( x \right)v^{\ast}} \right.||.} \\
\end{matrix}$$Hence, we have that $$\begin{matrix}
{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)v} \right.|| \leq \frac{M\overset{\sim}{N}}{c}\left. ||{P_{1}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\forall t \geq t_{0} + 1,\,\,\forall\left( {x,v} \right) \in Y.} \\
\end{matrix}$$For *t* ∈ \[*t* ~0~, *t* ~0~ + 1\] we obtain $$\begin{matrix}
{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)v} \right.|| \leq Me^{\rho}\left. ||{P_{1}\left( x \right)v} \right.||,\quad\forall\left( {x,v} \right) \in Y,} \\
\end{matrix}$$which implies that $$\begin{matrix}
{\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)v} \right.|| \leq M_{1}\left. ||{P_{1}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y,} \\
\end{matrix}$$ where we have denoted $$\begin{matrix}
{M_{1} = M\left( {e^{\rho} + \frac{\overset{\sim}{N}}{c}} \right).} \\
\end{matrix}$$Further, the following relations hold: $$\begin{matrix}
\left| \left\langle {v^{\ast},\Phi_{1}\left( {t,t_{0},x} \right)v} \right\rangle \right| \\
{\quad\quad = \left| \left\langle {v^{\ast},\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)\Phi_{1}\left( {s,t_{0},x} \right)v} \right\rangle \right|} \\
{\quad\quad = \left| \left\langle {\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast},\Phi_{1}\left( {s,t_{0},x} \right)v} \right\rangle \right|} \\
{\quad\quad \leq M_{1}\left. ||{P_{1}\left( x \right)v} \right.||\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||.} \\
\end{matrix}$$By integrating on \[*t* ~0~, *t*\], it follows that $$\begin{matrix}
{\left( {t - t_{0}} \right)\left| \left\langle {v^{\ast},\Phi_{1}\left( {t,t_{0},x} \right)v} \right\rangle \right|} \\
{\quad\quad \leq M_{1}\left. ||{P_{1}\left( x \right)v} \right.||{\int_{t_{0}}^{t}\left. ||{\Phi_{1}\left( {t,s,\varphi\left( {s,t_{0},x} \right)} \right)^{\ast}v^{\ast}} \right.||}ds} \\
{\quad\quad \leq M_{1}\overset{\sim}{N}\left. ||{P_{1}\left( x \right)v} \right.||\left. ||{P_{1}\left( x \right)v^{\ast}} \right.||,} \\
\end{matrix}$$and further $$\begin{matrix}
{\left( {t - t_{0}} \right)\left. ||{\Phi_{1}\left( {t,t_{0},x} \right)v} \right.|| \leq M_{1}\overset{\sim}{N}\left. ||{P_{1}\left( x \right)v} \right.||,} \\
\end{matrix}$$which implies that $$\begin{matrix}
{\left. ||{\Phi_{1}\left( {t,t_{0},x} \right)v} \right.|| \leq \psi\left( {t - t_{0}} \right)\left. ||{P_{1}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y,} \\
\end{matrix}$$ where we have considered $\psi{(u)} = M_{1}{({\overset{\sim}{N} + 1})}/u$, which satisfies ${\overset{-}{\omega}}_{\psi} < 0$. Statement (*t* ~1~) of [Definition 13](#deff3.3){ref-type="statement"} is hence obtained.(ii) Let (*t*, *t* ~0~) ∈ *T*. Let us denote that $$\begin{matrix}
{F\left( t \right) = {\int_{t_{0}}^{t}\left. ||{\Phi_{2}\left( {s,t_{0},x} \right)v} \right.||^{p}}ds.} \\
\end{matrix}$$According to the fact that $F{(t)} \leq {\overset{¯}{N}}^{p}F^{\prime}{(t)}$, for all *t* ≥ 0, we obtain, for all (*x*, *v*) ∈ *Y*, $$\begin{matrix}
{F\left( {t_{0} + 1} \right)e^{({t - t_{0} - 1})/{\overset{¯}{N}}^{p}} \leq F\left( t \right) \leq {\overset{¯}{N}}^{p}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||^{p}.} \\
\end{matrix}$$As the evolution cocycle Φ~2~ has exponential decay, there exist some constants *M* ≥ 1 and *ρ* \> 0 such that $$\begin{matrix}
{\left. ||{\Phi_{2}\left( {s,t_{0},x} \right)v} \right.|| \leq Me^{\rho({t - s})}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\forall\left( {t,s} \right),\left( {s,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y.} \\
\end{matrix}$$ Let *s* ∈ \[*t* ~0~, *t* ~0~ + 1). We obtain $$\begin{matrix}
{\left. ||{P_{2}\left( x \right)v} \right.||^{p} \leq M^{p}e^{p\rho({t - s})}{\int_{t_{0}}^{t_{0} + 1}\left. ||{\Phi_{2}\left( {s,t_{0},x} \right)v} \right.||^{p}}ds} \\
\end{matrix}$$and further $$\begin{matrix}
{M^{- p}e^{- p\rho({t - s})}\left. ||{P_{2}\left( x \right)v} \right.||^{p} \leq F\left( {t_{0} + 1} \right).} \\
\end{matrix}$$For *t* ≥ *t* ~0~ + 1, we obtain $$\begin{matrix}
{\frac{1}{M^{p}e^{\rho p}}e^{- 1/{\overset{¯}{N}}^{p}}e^{({t - t_{0}})/{\overset{¯}{N}}^{p}}\left. ||v \right.||^{p} \leq {\overset{¯}{N}}^{p}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||^{p},} \\
\end{matrix}$$and, if *t* ∈ \[*t* ~0~, *t* ~0~ + 1\],$$\begin{matrix}
{\left. ||{P_{2}\left( x \right)v} \right.|| \leq Me^{\rho}e^{1/{p^{\overset{-}{N}}}^{p}}e^{( - 1/{p^{\overset{-}{N}}}^{p})({t - t_{0}})}\left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
\end{matrix}$$for all (*x*, *v*) ∈ *Y*. Hence, $$\begin{matrix}
{\zeta\left( {t - t_{0}} \right)\left. ||{P_{2}\left( x \right)v} \right.|| \leq \left. ||{\Phi_{2}\left( {t,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y,} \\
\end{matrix}$$ where we have considered *ζ* : ℝ~+~ → ℝ~+~\* defined by $$\begin{matrix}
{\zeta\left( u \right) = \frac{1}{\overset{¯}{N}Me^{\rho}}e^{- 1/{p^{\overset{-}{N}}}^{p}}e^{(1/{p^{\overset{-}{N}}}^{p})u},} \\
\end{matrix}$$with the property ${\underset{\_}{\omega}}_{\zeta} > 0$. Statement (*t* ~2~) of [Definition 13](#deff3.3){ref-type="statement"} is proved.(iii) A similar proof for the *α*-shifted evolution cocycle Φ~*α*~ ^3^ in (i) and for the *β*-shifted evolution cocycle Φ~*β*~ ^3^ in (ii) leads to the existence of two functions *χ* ~1~, *χ* ~2~ : ℝ~+~ → ℝ~+~\*, with the properties ${\overset{¯}{\omega}}_{\chi_{1}} < 0$ and ${\underset{\_}{\omega}}_{\chi_{2}} > 0$, such that $$\begin{matrix}
{\left. ||{\Phi_{\alpha}^{3}\left( {t,t_{0},x} \right)v} \right.|| \leq \chi_{1}\left( {t - t_{0}} \right)\left. ||{P_{3}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y,} \\
{\chi_{2}\left( {t - t_{0}} \right)\left. ||{P_{3}\left( x \right)v} \right.|| \leq \left. ||{\Phi_{\beta}^{3}\left( {t,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y.} \\
\end{matrix}$$If we consider the definition of the shifted evolution cocycle, the previous relations are equivalent with $$\begin{matrix}
{\left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.|| \leq e^{- \alpha({t - t_{0}})}\chi_{1}\left( {t - t_{0}} \right)\left. ||{P_{3}\left( x \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y,} \\
{e^{- \beta({t - t_{0}})}\chi_{2}\left( {t - t_{0}} \right)\left. ||{P_{3}\left( x \right)v} \right.|| \leq \left. ||{\Phi_{3}\left( {t,t_{0},x} \right)v} \right.||,} \\
{\quad\quad\quad\quad\quad\quad\quad\quad\quad\forall\left( {t,t_{0}} \right) \in T,\,\,\left( {x,v} \right) \in Y.} \\
\end{matrix}$$We define $\left. \overset{\sim}{\chi},\overset{¯}{\chi}:{\mathbb{R}}_{+}\rightarrow{\mathbb{R}}_{+}^{\ast} \right.$ by $\overset{\sim}{\chi}{(u)} = e^{- \alpha u}\chi_{1}{(u)}$ and $\overset{¯}{\chi}{(u)} = e^{- \beta u}\chi_{2}{(u)}$, which have the properties ${\overset{¯}{\omega}}_{\overset{\sim}{\chi}} < \infty$ and ${\underset{\_}{\omega}}_{\overset{¯}{\chi}} < 0$. Hence, property (*t* ~3~) of [Definition 13](#deff3.3){ref-type="statement"} is obtained.

Remark 20The property described by relation ([36](#EEq4.2){ref-type="disp-formula"}) is also called ∗-strong integral stability for a skew-evolution semiflow. Relation ([36](#EEq4.2){ref-type="disp-formula"}) is a characterization of Barbashin type in the strong topology, and relations ([37](#EEq4.3){ref-type="disp-formula"}), ([38](#EEq4.4){ref-type="disp-formula"}), and ([39](#EEq4.5){ref-type="disp-formula"}) are characterizations of Datko type for the asymptotic properties of skew-evolution semiflows involved in the definition of *ω*-trichotomy.
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